Abstract-This paper presents a new method of designing a beamformer having a desired nearfield broadband beampattern. The methodology uses the spherical harmonic solution to the wave equation to transform the desired nearfield beampattern to an equivalent farfield beampattern. A farfield beamformer is then designed for a transformed farfield beampattern that, if achieved, gives the desired nearfield pattern exactly. Salient features of the new method are as follows.
However, for complicated beampatterns with either low sidelobes or deep nulls, a distance of or more may be required [2] , [3] . In many practical situations, the source is well within this distance, and using the farfield assumption to design the beamformer results in severe degradation in the beampattern. Furthermore, when broadband operation of the beamformer is required, which is the subject of this paper, the problem becomes more acute: At low frequencies, the source may appear in the nearfield, whereas at high frequencies, the same source may appear in the farfield of the array. We assume that every sensor that makes up the broadband array is identical and has a flat frequency response over the bandwidth of interest.
In this paper, a new method of nearfield beamforming is proposed in which a desired arbitrary broadband beampattern in both frequency and angle may be produced. The design methodology relies on two key tools: i) a transformation, using spherical harmonic solutions to the wave equation, which takes a nearfield beampattern specification and maps it to an equivalent farfield beampattern specification for a given frequency; and ii) a broadband beamforming method to realize a general angle-versus-frequency farfield beampattern specification. These tools combine to solve the nearfield broadband beamforming problem. As a special case of this work, we provide a method for narrowband nearfield design superior to conventional approaches (reviewed in Section II).
The paper is organized as follows. Section II describes the nearfield beamforming problem and the conventional method of designing nearfield beamformers. The general radial beampattern transformation is developed in Section III. Section IV simplifies the transformation for the special case of a linear array and presents an example. The problem of designing a beamformer to realize a general farfield angle-versusfrequency beampattern specification is addressed in Section V. Section VI then applies the method to the problem of nearfield frequency-invariant beamforming (an example that captures the full generality of the design methodology).
II. NEARFIELD COMPENSATION
In this section, a nearfield compensation method for designing nearfield beamformers is outlined based on applying time delays to compensate for the differing propagation delays assuming spherical propagation (see [4] , for example). Other nearfield design methods exist that are based on numerical optimization (e.g., [5] , [6] ).
To illustrate nearfield compensation, consider a narrowband linear array of sensors with a complex weight on each sensor. The response of the array to a signal at a distance and angle (measured relative to endfire) from the zeroth sensor is (1) where is the complex weight on the th sensor, is the frequency of operation, is the speed of wave propagation (2) is the distance from the source to the th element, and is the location of the th element.
Compare this with the response to a farfield source at an angle , i.e.,
The goal of nearfield compensation is to transform the nearfield response to the farfield, such that standard farfield techniques can be used to design the array weights. In contrast to our method in Section III, this goal is not realized exactly, and the method only provides first-order correction over a limited range of angles.
The compensated nearfield response is where is the th compensation term. It is seen that the compensated nearfield response is identical to the farfield response only at and is approximately equal for angles close to . To design a nearfield beamformer with a desired response, the weights are obtained using standard farfield design techniques. The resulting compensated nearfield response is then approximately equal to the designed farfield response, at least over a range of angles. This is illustrated in Fig. 1 , which shows a desired Chebyshev 25-dB response and the corresponding compensated nearfield response at a radial distance of three wavelengths from the center of a seven-element array. The uncompensated nearfield response (farfield design assumption) is shown as well. Clearly, nearfield compensation provides a significant improvement over an uncompensated array, although the compensated response still does not accurately achieve the desired response over all angles.
Yet another nearfield compensation method has given in [7] , where the curvature of the spherical wavefront was approximated by a quadratic surface over the array aperture. However, designs based on this quadratic compensation method tend only to achieve the desired nearfield beampattern over limited angles closer to broadside, and it also ignores the variation of the magnitude with distance and angle. 
III. RADIAL TRANSFORMATION

A. Background
The nearfield compensation method is relatively straightforward to implement. However, the results achieved may fail to meet the desired design specifications (particularly in the sidelobes) since it only constrains the performance in a single direction (see Fig. 1 ). The nearfield beamforming method proposed here is to radially transform a nearfield pattern specification to a physically equivalent farfield pattern and design a farfield beamformer to realize this transformed farfield pattern. This equivalence, which we establish theoretically later in this section, means that we can obtain the desired nearfield response for all angles. We use the general solution to the wave equation to perform this radial transformation at a given frequency.
For a broadband nearfield beamformer, we would strictly want to perform this transformation over a continuum of frequencies. However, we can use the radial transformation developed for any particular frequency over a range of discrete frequencies to closely approximate this situation. Without loss of generality, we will develop the transformation using a spherical coordinate system, which is applicable to any threedimensional (3-D) sensor array and any physically realizable beampattern. Since we express the nearfield beampattern specification on a sphere, which is a level surface of the spherical coordinate system, this is the natural coordinate system choice.
B. Wave Equation Solution
The transformation is obtained by solving the physical problem governed by the wave equation. Let denote radial distance, and let and denote the azimuth and elevation angles, respectively, as shown in Fig. 2 . Then, a general valid beampattern will satisfy the wave equation 
Conventionally, the time variation can be omitted as it clearly "separates" (as a variable) from the space variables. This leads to a conventional modulation at the frequency of interest.
The solution is classical [8] , [9] and can be written (synthesis equation) as (5) where is the wavenumber. The function is the Legendre function of order ; are associated Legendre functions (which for reduce to the Legendre functions). The radial dependency comes through a half integer order spherical Hankel function of the first kind, which is defined by where is a half integer order Bessel function of the first kind, and is a half integer order Neumann function (or Bessel function of the second kind). Finally, we assume that the propagation speed is independent of frequency, implying that is a constant multiple of frequency . For this reason, throughout this paper, we will often refer to as "frequency."
The "choice" of the spherical Hankel function deserves some elaboration. The complete solution to the wave equation includes another term containing the spherical Hankel function of the second kind (complex conjugate of the spherical Hankel function of the first kind). By excluding this second term, we are excluding standing wave solutions, i.e., it is sufficient to consider either waves propagating generally away from the origin only or waves propagating generally toward the origin, but not both. The representation (5), therefore, is valid on a manifold (here, we choose a sphere) that encapsulates but does not penetrate the array.
With regard to analysis equations, the coefficients, assuming the beampattern specification is given on a sphere of radius , are given by (6) (7) and (8) Since the coefficients in the expansion (5) completely characterize the beampattern at all distances, the beampattern can be reconstructed for sources at arbitrary points in space. Because of the choice of spherical coordinate system, taking a nearfield beampattern specified on a sphere and subsequently transforming to the farfield infinite sphere leads to some computational savings in the above representations.
C. Procedure
The utility of the radial beampattern transformation is as follows. Given a beampattern measured at some radius , calculate , , and from (6)- (8) with . The beampattern can now be reconstructed for a source at any radius by using (5) with . The method we propose to design a nearfield beamformer is outlined below.
1) Calculate the beampattern coefficients for the desired nearfield beampattern using (6)- (8) with . 2) Calculate from (5) at .
3) Design a farfield beamformer to realize this beampattern using classical farfield array design techniques. A curious feature of this formulation is that the actual array geometry is only of secondary importance. Any array geometry that can realize the resulting transformed farfield pattern may be used. This is important in a practical situation in which the array is mounted on a complex 3-D manifold, such as a microphone array mounted on the curved dashboard of a car. The question of whether a specific array can realize a specific farfield beampattern is a separate issue and is not addressed in this paper.
D. Nearfield Farfield Equivalence
Since the solution to the wave equation (4) is unique, there is an equivalent farfield beampattern for every nearfield beampattern specification and vice versa. Hence, using the farfield beamformer (which has been obtained in step 3 of Section III-C) in the nearfield at will produce the desired nearfield beampattern
. To see this formally, observe that the coefficients in (6)- (8) are uniquely and completely determined once the beampattern is specified.
E. Farfield Normalization
The requirement to transform to exposes some potential numerical problems, which are resolved as follows. The half integer order spherical Hankel function of the first kind satisfies the asymptotic form [9] as Hence, in the synthesis equation (5), there is an attenuation with distance like , i.e., as Synthesis at gives , which is clearly unacceptable. This can be easily compensated for by normalizing the magnitude of by multiplying by (this works because all modes exhibit this attenuation, i.e., it is independent of and ). The other problem is what phase to associate with . This is somewhat arbitrary but is easily dealt with by setting the phase of the asymptotic half integer order spherical Hankel function to zero at a nominal frequency . For a narrowband design, would be simply the frequency of operation. For a broadband design, would typically be the midband frequency.
We thus obtain the farfield synthesis equation (9) where denotes a normalized beampattern.
IV. LINEAR ARRAY
A. Motivation for Special Case
The radial transformation developed in the previous section is sufficiently general to capture quite arbitrary three dimensional array geometries. In an attempt to bring the results into focus and provide a more concrete presentation of the ideas we examine a linear array aligned with the axis. In this case the beampattern is rotationally symmetric with respect to , and the beampattern can be expressed as .
B. Radial Transformation
The only nonzero components are those for which , which leads to the following simplified set of equations: (10) and (11) Applying the normalization described above we obtain the following farfield synthesis equation for a linear array aligned with the axis.
(12)
C. Parseval Relation
The synthesis equation (5) requires an infinite number of terms to exactly characterize the beampattern. In this section we derive a Parseval relation for the radial beampattern transformation and use it to provide an expression for the error in beampattern power associated with using a finite number of terms in the synthesis equation. Determining the number of modes to sufficiently accurately model the solution is an essential component of an efficient numerical procedure.
Rewrite (10) and (11) as (13) and (14) where . Although is a function of and , we suppress this dependence to simplify notation.
The Parseval relationship is derived through an application of (13) To approximate by a finite series of the form (16) we wish to find the that minimize the integral squared error between the desired beampattern and the approximate beampattern . As for the well-known case of a finite Fourier series representation, the minimum squared beampattern error is obtained by setting , for , and the residual error is then given by (17) Thus, (17) gives the error associated with truncating the synthesis equation (10) to a finite number of terms.
D. Example
To illustrate the radial beampattern transformation, we revisit our previous example. The design was for a Chebyshev 25-dB beampattern (the desired beampattern in Fig. 1 ) at a radius of wavelengths. The relative beampattern error versus the number of analysis coefficients is shown in Fig. 3 , calculated from (17). It is clear from this plot that at least ten analysis coefficients are required to provide a good approximation to the desired beampattern, and 15 coefficients capture essentially all the energy. The monotonically decreasing property displayed in Fig. 3 follows directly from (17).
To verify this, we calculated a set of 15 analysis coefficients from (11) at a radius of three wavelengths and then reconstructed the nearfield beampattern from (10) using different numbers of analysis coefficients. The resulting beampatterns are shown in Fig. 4 , along with the squared error between the desired and reconstructed beampatterns. With 15 coefficients, the reconstructed beampattern is indistinguishable from the desired Chebyshev 25-dB beampattern, and the squared beampattern error is uniformly less than . Using the set of 15 coefficients, we transformed the desired nearfield beampattern to the farfield using (12) . We then designed a farfield beamformer to achieve this beampattern using a complex-valued least squares design criterion [10] . The least squares design equations are outlined in Section V-B.
The resulting beampattern realization for a symmetric linear array with 13 quarter wavelength spaced sensors is shown solid in Fig. 5 . (Note that a quarter-wavelength spaced array was used since we found that it provided a better approximation to the farfield beampattern than a half-wavelength spaced array.) This farfield beamformer was then used in the nearfield at a radial distance of wavelengths. The corresponding beampattern is shown solid in Fig. 6 , along with the desired nearfield beampattern, which is shown dotted. The proposed nearfield beamforming method provides a very close realization of the desired beampattern over all angles and not just at angles close to broadside as for the nearfield compensation method.
V. GENERAL BROADBAND BEAMFORMING
A. Background
Thus far, we have only considered application of the radial transformation at a single frequency. For a broadband nearfield beamformer, we would apply the radial transformation over a range of frequencies. Assuming radial symmetry in the variable (i.e., for a linear array aligned with the axis), this would produce a general farfield beampattern specified over both angle and frequency . In this section, we consider how to produce a farfield beamformer that realizes a general desired broadband beampattern.
For a broadband beamformer with a linear sensor array, the response to plane waves arriving from an angle with wavenumber (frequency) is (18) where is the location of the th sensor, and is the frequency response of the filter on the th sensor.
The problem we consider is to find the filter to apply to each sensor to achieve the desired general broadband beampattern. We refer to this as the general broadband beamformer (GOB) problem. We will outline some existing approaches to this problem and then propose a new solution.
B. Least Squares Design
The most straightforward, although not very illuminating, method of designing a GOB is through a least squares design criterion. Let the frequency response of the th sensor filter be given by where th coefficient of the th filter; wave propagation speed; sampling period. The response of the GOB (18) may then be written in vector form as where is the vector of filter coefficients, and where denotes the Kronecker product. Let be a desired broadband response. If it is sampled at points in angle-frequency space, then we obtain the following well-known overdetermined least squares problem [10] where , and . The solution to this problem is where is the pseudo-inverse of .
C. Discrete Fourier Transform Design
Alternative methods of designing a GOB are based on using the discrete Fourier transform. For a uniformly spaced array with the th sensor located at (where is the intersensor spacing), the GOB response (18) may be expressed as a Fourier transform where . Hence, if we sample the desired response at points in space, we obtain the discrete Fourier transform relationship (19) for , and
for . For each frequency, the set of points at which the desired response is specified is
The sensor weights at this frequency are then given by the inverse discrete Fourier transform of the sampled desired response. This can be done for any number of frequencies within the design band. The coefficients for each sensor filter can then be found by conventional sampled frequency filter design techniques [11] . This approach has been recently used for the special case of designing a farfield beamformer that has a frequency invariant response over a wide bandwidth [12] .
By carefully choosing the frequencies at which the desired response is sampled, it is possible to express the GOB response as a two-dimensional (2-D) discrete Fourier transform of the sensor filter coefficients [13] . In this case, the relationship is 
D. New Design
The least squares design technique is a simple procedure, but it provides no insight into the underlying structure of the GOB problem. On the other hand, the Fourier transform methods are restricted to a uniformly spaced array geometry, whereas a nonuniform array geometry is more efficient in terms of number of sensors for broadband applications (see [14] for details). In this section, we propose a new method for the design of a GOB, which provides physical insight and allows a nonuniformly spaced array geometry.
Initially, consider a linear continuous aperture (rather than an array). The response of this aperture to planar waves arriving from an angle (where is measured relative to endfire) is (22) where is the broadband aperture illumination or the response of the aperture at a point and for a frequency . This can be interpreted as a filter response (function of frequency ) at a displacement (relative to some origin). For a finite aperture size, will have finite support in . Temporarily fix the frequency to some arbitrary value and introduce , , and . Substituting into (22) 
Thus, given a desired GOB response , the required aperture response at any frequency can be found through (24). Equation (23) represents the continuous aperture equivalent of (19).
Obviously, the continuous aperture required by (23) is not practical for beamforming with a finite number of point sensors. However, the problem of obtaining a desired GOB response using a discrete set of sensor locations reduces to the problem of approximating the integral in (23) by a summation of the form where is the complex weight on the th sensor at a frequency , i.e., a filter. We follow the approach introduced in [14] , i.e., where is a set of discrete sensor locations; is given by (24), where is the desired GOB response; is a spatial weighting term, which is used to account for the (possibly) nonuniformly spaced sensor locations; and is a normalization constant (usually chosen such that for some angle and frequency ). See [14] for a full description of the spatial weighting terms and the choice of sensor locations.
Let the filter response on the th sensor be
We can therefore rewrite (25) as (27) and are thus led to the block diagram shown in Fig. 7 . In this diagram, we have chosen to implement the common term as a secondary filter to simplify the design of the individual primary filters . Note that the secondary filter may be perturbed slightly from its ideal differentiator form to normalize any scaling errors introduced by the approximation of (23) by the summation (27).
The utility of our proposed GOB technique is as follows. Given a desired angle-versus-frequency beampattern specification, calculate the filter responses from (26) at a number of frequencies. The primary filter coefficients may be then found by conventional frequency sampled filter design techniques [11] . Using these filters, the GOB is then implemented using the block diagram shown in Fig. 7 .
The proposed GOB method represents a generalization of the previously presented farfield frequency invariant beamformer theory [14] . 
E. Application to Nearfield Beamforming
This GOB formulation can now be directly applied to the problem of implementing the transformed farfield broadband beampattern. Specifically, if is the normalized broadband farfield beampattern resulting from a radial transformation of some desired broadband nearfield beampattern by (11) and (12) , then the implementation equations are we consider the design of a beamformer having a frequency invariant response in the nearfield, i.e., the nearfield response remains constant over a wide bandwidth. This design actually captures the full generality of the methodology since, in general, a nearfield frequency invariant beampattern transforms to a farfield frequency dependent beampattern, i.e., , where is the bandwidth over which the nearfield beampattern is to be frequency invariant. This highlights the need for the general broadband beamforming theory developed in the previous section.
The design is for a nearfield beamformer having a Chebyshev 25-dB beampattern (shown as the desired beampattern in Fig. 1 ) over the frequency range 500-1000 Hz at a radial distance of (where is the wavelength corresponding to the lower design frequency Hz). Note that at the upper design frequency ( Hz), this corresponds to a radial distance of six wavelengths.
Using (11), a set of 25 analysis coefficients for the desired Chebyshev frequency invariant beampattern was calculated at a radius of for 9 frequencies uniformly distributed in the band. We note from Fig. 3 that 25 analysis coefficients are sufficient to produce negligible beampattern error. Applying (12), the farfield beampatterns were reconstructed for each of the nine design frequencies, resulting in the farfield beampatterns shown in Fig. 8 . Hence, we see that the frequency-invariant nearfield beampattern is transformed to a frequency dependent farfield beampattern.
We then designed a general farfield beamformer of the structure shown in Fig. 7 , with 32 complex coefficients for each sensor filter, to realize the farfield patterns shown in Fig. 8(b) . The array consisted of 29 nonuniformly spaced sensors, located as shown by Fig. 9 . Fig. 10(a) shows the realization of the desired farfield beampatterns shown in Fig. 8(b ). This farfield beamformer was then simulated in the nearfield at a radial distance of , and the resulting beampattern is shown in Fig. 10(b) . (The secondary filter was slightly perturbed from its ideal differentiator form to normalize slight scaling errors introduced by the implementation, as outlined in Section V.) Comparing this with the desired nearfield response of Fig. 8(a) , we note that the desired nearfield frequency invariant response has been approximately achieved. The nearfield beampattern realization is also shown in Fig. 11 , in which the beampatterns at 25 frequencies within the design band have been superimposed.
VII. CONCLUSIONS
A new method of broadband nearfield beamforming has been proposed in this paper. The methodology can be partitioned into two steps.
1) a wave-equation based technique to radially transform an arbitrary nearfield beampattern to a corresponding farfield beampattern (or beampattern at any other radius); 2) a design method to achieve a desired farfield beamformer response specified over both angle and frequency.
